In this paper we study the progress of a bore, produced by the sudden break of a ,.
*
1. Introduction * IN this paper we consider the production and propagation of a bore when _ v a dam suddenly breaks. The problem is essentially the same as was considered by Craya (1) and Re' (2) and which has also been reported by ' Stoker (3) . It may be stated as follows: There is water of certain height Y behind the dam, while ahead of it there is an established steady flow of ,.
water. The bed ahead of the dam has a mild slope and also offers resistance to flow which varies empirically as the square of the flow velocity. No -+ steady-state solution of the existing flow ahead of the dam was, however, r considered in (1) or (2) . As pointed out by Stoker (3) , the numerical solution given by Re' through step-by-step integration is too approximate. * Stoker (3) has also discussed the solution of this problem in the idealized k ' form when there is no resistance of the bed and bed-slope is zero, so that the solution corresponds to the well-known 'simple wave' solution in gas-dynamics. Of course the entire work, referred to above, has been r done in the framework of shallow water theory whose equations can be Y transformed in such a way that they become one-dimensional gasdynamics equations (the well known gas-dynamic analogy) so that all the techniques employed in gas-dynamics can be readily made use of. The above stated problem with the difference that there is not water ahead of the dam has been considered by Dressier (4) and Whitham (5) . Indeed, the problem then becomes entirely analogous to the expansion of a gas into vacuum in gas-dynamics as discussed by Greenspan and Butler (6) . Incidentally the expansion for the solution used in (4) and (6) are in essence exactly the same, though there is no mention of this fact in (6).
Keller et ai. (7) have discussed the climb of a bore above a sloping beach using an approximate method of Whitham (8) . We have also made use of Whitham's technique (8) in the present paper. Its extreme simplicity and a good accuracy have led to its use in a large number of investigations, particularly in astrophysics (see, for example, (9) , (10)). The rule consists in substituting the shock conditions on the forward characteristic if the shock or bore diverges and on the negative characteristic if they converge. The result is a first-order non-linear differential equation in one of the shock (bore) strength parameters and distance from a reference point and hence the entire course and strength of the shock (bore) can be found, using the initial condition from the physical situation. The approximation in this theory arises from the neglect of disturbances that come from behind the shock (bore), but generally they have been found to be negligible. For example, Whitham's rule and the exact numerical methods (7), (8) yield nearly the same results in the case of a bore climbing up a sloping beach referred to above.
In the present paper, we have first studied the established steady now when the resistance coefficient is taken according to Che'zy's formula assuming the bed-slope to be constant as has been done by Dressier (11) . This equation expresses the relation between Froude number M^ = tt o /V'(ff^o) an( i distance from the original site of the dam. Then the 'shallow water' equations with the Ch6zy resistance formula and the bed-slope are combined with the bore conditions according to Whitham (3) without bed-resistance and bed-slope. Then we consider some general results from the equations concerning the effects of bed-slope, ratio of bed-slope to bed-resistance and the undisturbed Froude number on the bore-strength. We have also studied analytically the asymptotic forms of this equation when M -»-oo and M -*• 1. We have numerically integrated these equations to study the above effects. The results reveal a very intimate relation between the ratio of bed-slope and resistance coefficient and the undisturbed Froude number in influencing the propagation of the bore. We finally remark that our mathematical analysis is by guest on January 19, 2011 qjmam.oxfordjournals.org Downloaded from similar to that of Bird (10) in his investigation on the heating of the outer solar atmosphere.
Equations of motion and boundary conditions
We where u and U are the particle velocity just behind the bore and bore velocity respectively and M^ is the Froude number of the undisturbed flow
The steady flow ahead of the bore is given by
where a is the constant bed slope, a 2 = gra/i2 and K' = K i g~i has the dimension of a length and depends on the initial conditions only. Though equation (2.14) can be integrated in a closed form, it is more convenient in the present problem to use it in its differential form. Following Whitham's rule (8), we substitute the bore conditions (2.9) and (2.10) along the positive characteristic (2.7), making use of the undisturbed steady flow equation (2.14) to obtain
Equation ( We note the following: and we recover the formula obtained earlier by Keller et al. (7) . The above result shows that when the strength of the bore is very large, the bed resistance has no effect on its strength. Also, as was concluded in (7), the bore height tends to zero as A o -»• 0, while the bore strength M -•-oo. It is interesting to compare these remarks with those made by Greenspan and Butler (6) while discussing the expansion of gas into vacuum which is exactly analogous to the present problem when h 0 -»• 0, i.e. the bed is dry and the dam breaks instantaneously. In fact, in this case, there is no genuine shock or bore. The bore speed becomes infinitely large, as can be easily seen from the bore conditions, and so does the particle velocity behind the bore, so that the water rushes with a great speed but the 'bore regime' is meaningless as there is no water ahead of this 'virtual bore'. Indeed, the head of the disturbance is a characteristic and not a bore. The solution of the problem is a centred simple wave (and a somewhat distorted form of it, if the resistance and slope are significant) (4 We find that 6a 4 +a 3 -14a 2 -37a -4 = 0 has only one positive root, namely a = 2-211, so that z -*• oo when a -*• 2-211 and the bore strength increases beyond limit and, in fact, the approximation which assumes z to be small breaks down. It is interesting to note that this critical value of a (whose magnitude was however found to be exactly 2), appears in different contexts, for example in the formation of roll-waves (11) which cannot be produced unless a* > 4. This condition is necessary for the instability of the steady flow and the formation of roll waves. This also arises in the discussion of kinematic waves (12), which cannot describe the phenomenon of flood waves when a 2 > 4.
Numerical results and discussion
' We have studied numerically the cases listed in Table 1 . Our choice of parameters was motivated by two considerations, namely, to study the effect of variation of a, a 2 , M o and h t and to bring out numerically the significance of our conclusions that we arrived at in section 2.
Case (1) is the same as considered by Re' (2), so that h 0 and A x are in metres and u 0 = 1-6 m/sec. To obtain the initial bore height, we consider These equations are easily deduced from the simple wave solution by eliminating the sound speed c behind the bore and the bore velocity U so that knowing the data h lt h 0 , u 0 , we can solve equations (4.1) and (4.2) simultaneously for h and u. Thus, the initial height of the bore becomes known.
Before discussing the numerical results, we remark that we have carried out our integration from x = 0 to x = 15 for case (1) and to x = 10 for other cases except when the singularity appeared or the solution became a constant. From (2.14) we note that3f 0 is, in fact, a function of x<x and not of a; and a separately so that our actual length scale is XCL. A given value of xa. can be obtained by a suitable combination of values of x and a in infinitely many ways. While interpreting the solution we shall keep this fact in mind. Moreover, since K' has been measured in metres, xa. has also been expressed in the same unit. In Figures 1 to 3 , we have, for convenience, taken x in metres, while a has been taken to be either 0-9 or 9, representing two extreme cases.
We give in Table 2 below the sample results for one of the cases (1) which corresponds to the problem of Re' (2). The variation of bore strength / (= (h -A 0 )/^oo). Dore velocity U and particle velocity u, behind the bore are shown in Figures 1 to 3 .
Cases 4, 5, and 7 merit separate discussion. Case (4) differs from case (1) in that a* = 0-25 instead of 1-5, that is, bed resistance is more important. The bore strength increases continuously up to x ~ 0-97, where MQ has diminished to 0-25 approximately from its initial value 0-3808 and the singularity in equation (2.15), M o = a 1 , is approached. The strength of the bore increases beyond limit at this point and further progress of the bore cannot be followed.
In case (5), the initial undisturbed Froude number, M w , is taken to be 1-249 instead of 0-3808 as in case (1), to study the effect of supercritical undisturbed flow on the bore propagation. The bore strength very gradually increases from its initial value 1-1098 to 1-1348 at x c± 2-5 where M^ ->-a 1 (so that dMJdx = 0) and, in fact, the variable solution of the equation of undisturbed flow (2.14) merges with its constant solution M o = a. Therefore, after x ~ 2-5, M^ remains constant and hence the bore strength (equation (2.15)) and bore velocity remain constant throughout the later course of the bore.
In case (7), M oo = 2-00 as against M oo = 0-3808 for case (1), a bore of small strength, 0-701 (7 0 = 1-618 for case (1) the bore strength rapidly decreases so that the bore is completely dissipated near x ~ 0-6. Now we turn to other cases to study the effect of variation of other parameters, namely, dam height h lt bed slope a, ratio of bed slope to bed resistance coefficient a 1 . We find that the results in case (3) with a* = 10 are not very different from those of case (1) with a 2 = 1-5, showing that if the slope of the bed and other parameters are kept constant while a 2 is changed to a large value (which means that resistance coefficient is much smaller than the bed slope), the bore propagation is hardly affected. In case (2), the bed slope, a = 9, is 10 times that in case (1) . One could, of course, also look at this case to be case (1) if a is taken to be 0-9 and the distance 10 times the corresponding distance of case (1) . However, here we want to study the effect of the change of slope on the bore propagation. When the slope of the bed increases, the bore strength / decreases much more rapidly so that when x = 10, / = 0-612 for a = 9 and I = 1-05 for <x = 0-9, both showing, however, that the rate of decay of the bore becomes very small in the later stages of propagation. The bore velocity U first decreases up to x c± 2-2 and then continuously increases for case (1) when slope is smaller while for case (2) , this reversal takes place much earlier (x ~ 0-75). This trend is in conformity with that obtained by Keller etal. (7), if we allow for the change of the sign of the slope. Particle velocity behind the bore continuously decreases as the bore propagates, but the decrease is very large when the slope is large, for example at x = 10-00, u = 1-995 for a = 0-9 and u = 0-390 for a = 9 compared to the initial value u = 7-25, at x = 0. This decrease is particularly significant in the early stages of propagation of the bore as is readily noted from Figure 3 .
Finally, we discuss the effect of the change of the dam-height to 30 m, case (6) , which gives the initial bore height as 8-924 m compared to 4-71 m for case (1) . In this case the bore strength decreases from its initial value 4-203 to 2-711 at x = 10, while the bore velocity decreases (unlike case (1)) right up to x = 7-0 where it begins to increase, though very gradually. The particle velocity behind the bore continuously decreases.
In all these cases, the bore settles down to nearly constant strength at x c± 10 and its decay afterwards becomes very slow. One would have to carry out the integration over a very large interval to locate the point where the bore finally decays completely. This was not possible due to lack of requisite computational facilities.
Stoker (3) has given the solution of Re' (2) to a distance of about 1-8 km, but perhaps it is difficult to make any useful comparison, considering the very approximate nature of Re's solution.
